Classification of topological defects in Abelian topological states 
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In this paper we propose the most general classification of point-like and line- like extrinsic topolog- 
ical defects in (2 + l)-dimensional Abelian topological states. We first map generic extrinsic defects 
to boundary defects, and then provide a classification of the latter. Based on this classification, 
the most generic point defects can be understood as domain walls between topologically distinct 
boundary regions. We show that topologically distinct boundaries can themselves be classified by 
certain maximal subgroups of mutually bosonic quasiparticles, called Lagrangian subgroups. We 
study the topological properties of the point defects, including their quantum dimension, localized 
zero modes, and projective braiding statistics. 



A fundamental discovery in condensed matter physics 
has been the understanding of topologically ordered 
states of matter [ij, y. Topologically ordered states pos- 
sess quasiparticle excitations with fractional statistics, 
topology-dependent ground state degeneracies, and long- 
range entanglement, all of which are robust even without 
symmetry. The most common topological orders seen 
experimentally are the fractional quantum Hall (FQH) 
states, while there is increasing evidence that they may 
be observed in frustrated magnets [3( 

Recently, a new aspect of topologically ordered states, 
called twist defects or extrinsic defects, has attracted in- 
creasing research interest. [4Hl(a] An extrinsic defect is a 
point-like or line-like defect either in a topological state, 
or on the interface between two topologically distinct 
states, which leads to topological properties that are ab- 
sent without the defect. A simple example is a "genon" 
[4|-l6| : Consider a branch-cut line in a bilayer topological 
state, across which the two layers are exchanged (Fig. 
Q]). A genon is defined as an end point of the branch 
cut. It was observed that the bilayer system with genons 
is topologically equivalent to a single layer system on a 
high genus surface, yielding a topological degeneracy that 
grows exponentially with the number of genons, and a no- 
tion of (projective) braiding statistics that can be stud- 
ied systematically [a]. Even when the topological state 
in each layer is Abelian, the genons have non-Abelian 
statistics. This has led to a recent experimental proposal 
for realizing a wide class of topological qubits in con- 
ventional bilayer FQH states [a], and an understanding of 
how to realize universal topological quantum computa- 



(b) 





tion in non- universal, non-Abelian states [5j. Extrinsic 
defects with the same type of non-Abelian statistics as 
genons have also been proposed in other physical sys- 
tems, such as lattice defects in certain exactly solvable 
Zjv rotor models, [3, llfj and FQH states in proximity 
with superconductivity (SC) and ferromagnetism (FM). 
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FIG. 1: (a) Schematic picture of bilayer system with a pair 
of genons. [J, [5| (b) is the same figure as (a) with part of the 
system removed, to see the branch-cut line clearly. 



In this paper, we report a general theory of extrinsic 
defects in Abelian topological states, extending the the- 
ory of the extrinsic defects reviewed above to the most 
general possible form. For two-dimensional topological 
states, there are two general forms of extrinsic defects: 
Line defects, which separate two different or identical 
topological states, and point defects, which may exist 
in a single topological state, such as twist defects [5|, 
or at junctions between different line defects (Fig. [5]). 
We demonstrate that all extrinsic defects can be mapped 
to boundary defects, i.e., boundary lines of topological 
states with point defects separating different boundary 
regions. Based on the understanding of boundary de- 
fects, we develop a classification of gapped line defects 
between Abelian topological states, extending previous 
results [la, Il8l - l23l ]. We prove that gapped line defects 
are classified by "Lagrangian subgroups," which consist 
of subgroups of topological quasi-particles that have triv- 
ial self and mutual statistics, and that are condensed on 
the boundary. 

The nontrivial point defects on the boundary are then 
classified by domain walls between topologically distinct 
line defects. We obtain the quantum dimension of gen- 
eral point defects, demonstrating that they are gener- 
ally non-Abelian and can be understood in terms of the 
fractional statistics of bulk quasiparticle excitations. We 
show that the point defects localize a set of topologically 
protected zero modes, which can be understood as a lo- 
calized, robust non-zero density of states at zero energy 
for a certain subgroup of the topological quasiparticles. 
Finally, we will briefly discuss the sense in which these 
non-Abelian boundary defects can be braided. 

Abelian topological states and line defects 

Abelian topological states in 2+1 dimensions are generi- 
cally described by Abelian Chern-Simons (CS) theories[l|, 



2M- £cs = GFKue^afaai, where a 1 for / 



1, • • • ,N are compact 17(1) gauge fields, and K is a non- 
singular, integer symmetric matrix. A topological quasi- 
particle carries point charges li £ Z of a 7 . The statis- 
tics of a quasiparticle labeled by the integer vector I is 
given by Qi = nl 1 K~ x l, and the mutual statistics of two 
quasiparticles I, V is 9u> = 2nl T K~ X V . A quasiparticle 
with 1 1 = Kijvj, vj £ Z is considered as a local "elec- 
tron" in the theory, which may be bosonic or fermionic 
depending on K. Therefore the topologically nontrivial 
quasi-particles are labeled by integer vectors / mod Kv, 
with the number of topologically distinct quasiparticles 
given by |Det K\. 

Different if-matrices can specify equivalent topologi- 
cal states if they have the same quasiparticle content. 
For example, K' — W T KW, for W an integer matrix 
with |Det W\ = 1, describes the same topological order. 
Another example is 



(a) 



K' = K®P 



(1) 



with P an integer matrix with |Det P\ = 1. Adding P 
does not introduce any new topological quasiparticles, so 
that K and K' describe the same topological order. 

A general line defect in a topological state is a one- 
dimensional boundary between two topological states, A\ 
and A 2 (see Fig. [2] (a)). Some line defects, such as the 
edg e of chiral topological states, are robustly gapless[ll 



23j, 125J. In this work we will explore gapped line defects. 

In order to understand the properties of general bound- 
aries, it is helpful to apply a folding process 2CJ, |21[ (see 
Fig. [2] (a)). By folding the upper half plane using a 
parity transformation relative to the line defect, A 2 is 
mapped to its parity conjugate A 2 , so that the line de- 
fect becomes a boundary between the topological state 
A\ x A 2 and a topologically trivial gapped state. There- 
fore, to study gapped line defects, it suffices to consider 
all possible gapped boundaries between general topolog- 
ical phases and the trivial state. 

Classification of gapped boundaries The key fea- 
ture of a gapped boundary of a topological phase is that 
some subgroup of the topological quasiparticles are con- 
densed on the boundary, and can be created/annihilated 



on the boundary by local operators [23|. Physically 
this describes superselection sectors for how topological 
quasiparticles can be reflected/transmitted at line defects 
16l . l2l| . We first consider the genon case [4J, [5| as an ex- 
ample. 

Consider a s imp le bilayer topological state, the (mmO) 
Halperin state [26(, with the K matrix K — ml 2x2 , which 
describes two independent 1/m-Laughlin FQH states. 
Here l 2 x2 is the 2-dimensional identity matrix. Folding 
the state along a line (see Fig. 131(a)) we obtain a 4-layer 

ml 2x2 

-toI 2X 2 

The boundary of such a state can be gapped by intro- 
ducing either inter layer or intralayer backscattering. The 
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FIG. 2: (a) A domain wall between two different kinds of 
gapped edges separating topological phases Ai and A?.. By 
folding A2 over, this can be mapped to a domain wall on the 
boundary separating A\ x A2 and the vacuum, (b) A junction 
where multiple gapped edges meet is also a possible type of 
point defect. On an infinite plane, by applying the folding 
trick multiple times, this can also be mapped to a domain 
wall on the boundary separating a topological phase and the 



vacuum. 



genon is defined as the domain wall between these two 
types of boundaries. 

These two boundary conditions can be distinguished 
by the behavior of quasiparticles at the boundary. Across 
the boundary gapped by intralayer backscattering, quasi- 
particles move between layers 1, 1 and 2, 2, so that quasi- 
particles of the type I = (qi, q 2 , — qi, — q 2 ) T can be an- 
nihilated or created at the boundary. Such quasipar- 
ticles have bosonic self-statistics and mutual-statistics, 
and thus can be considered to be "condensed" on the 
boundary. Similarly, across the boundary defined by in- 
terlayer backscattering, a different set of quasiparticles 
with I = (qi,q 2 , —q 2 , —qi) T are condensed. 

We see that different gapped boundaries condense dif- 
ferent subgroups of quasiparticles. In general, it has been 
proven that every gapped boundary must condense a 
subgroup of quasiparticles M, called a "Lagrangian sub- 
group," which has the following properties 23] 35]: 



1. e 



iO„ 



1 for all m, m! £ M; 



2. For all I $ M, e l&lm ^ 1 for at least one m £ AI. 

For bosonic states (when all diagonals of K are even) , we 
also have e l6m = 1 for all m £ M . This set of quasiparti- 
cles form an Abelian group with the group multiplication 
defined by particle fusion. The first condition defines the 
bosonic mutual statistics and bosonic or fermionic self- 
statistics, allowing m £ M to be condensed on the bound- 
ary. The second condition guarantees that the boundary 



is completely gapped, since all other quasiparticles I ^ M 
have nontrivial mutual statistics with particles in M , and 
thus are confined when the quasiparticles in M are con- 
densed. 

In the following we will strengthen this result by prov- 
ing that every Lagrangian subgroup M corresponds to a 
gapped boundary where M is condensed. 

To explicitly write down the boundary condition cor- 
responding to a Lagrangian subgroup, we introduce the 
edge theory of the CS theory Cos defined above, which is 
given by the chiral Luttinger liquid theory [l|,|2J] C e d ge — 
j^Kud x (j)idt(j)j - Vijd x (i>id x (i>j. Vu is a real symmetric 
positive definite matrix, and (f>i are real compact scalar 
fields: 4>i ~ 0/-{-27r. UK has an equal number of positive 
and negative eigenvalues, then there are an equal number 
of left- and right- moving modes, which is a necessary but 
not sufficient condition for the edge to be gapped. 

The electron annihilation operators \l/j and quasipar- 
ticle annihilation operators Xi on the boundary are given 



by * 7 = e lK 



ij4>j 



\, 



ili<j>i 



, where I is an integer 



vector describing the quasiparticles. Naively, the con- 
densation of a quasiparticle m 6 M can be described 
by adding a term |(X m + X\ n ) — g cos (mj(f)i) to C e dge- 
However, such a term has two problems. First, it is 
not a local term, written in terms of local "electron" 



operators \&j. Secondly, the condition m T K 







must be satisfied in order for the phase mjipi to obtain 
a classical value. With this condition, it is possible to 
perform a change of basis <\> — > W<j) so that the the- 
ory is mapped to a standard non-chiral Luttinger liquid, 
with cos (mi(f>i) mapped to a conventional backscatter- 
ing term. The first problem can be solved by multiplying 



an integer coefficient Cj, such that CiK 



= A, e Z, 



and thus cos (cimucf) 1 ) = cos (Af Ktf) is a local electron 
tunneling operator. 

The second can be solved if we can find a set of genera- 
tors {rrii} of M satisfying mjKrrij = 0, Vi, j. Then, the 
term gj^i cos ( c i m u4>i) can be added to the Lagrangian 



and will condense the particles in M: 



a im (j>\ 



^ if 



m G M . It is known that if one can find N such null 
vectors raj for a 2N x 2N K matrix, the edge can be 
completely gapped 25]. 

However, it is not always possible to find such a null 
vector basis {rrii} which fully generates M. For example, 

consider K = I I , which describes Z4 topological or- 

der. This system has a Lagrangian subgroup generated 
by m\ — (2,0), m\ = (0,2). It is not possible to find 
a single null vector which generates this Lagrangian sub- 
group. Consequently, it is not clear what cos term on the 
boundary leads to the condensation of this Lagrangian 
subgroup. 

This problem can be resolved by introducing a topo- 
logically equivalent K matrix with higher dimension, as 
is shown in Eq. ([1]). In the edge theory, adding addi- 
tional trivial blocks P such as P = t x or r z , where n 



are 2x2 Pauli matrices, corresponds to adding purely 
one-dimensional edge channels to the boundary, such as 
Heisenberg spin 1/2 chains. Thus we find: 
Lemma: For each Lagrangian subgroup M of the topo- 
logical state described by K, there exists a K' which is 
topologically equivalent to K and has rank(AT') = 2N', 
such that the same Lagrangian subgroup M of K' can be 
generated by N' null vectors m£, i = 1, 2, ..., N'. 

The proof of this conclusion will be presented in the 
appendix. As a simple example that illustrates the main 
idea of the proof, consider the previous example, with 
'0 4^ 



K = 



4 



define K' — 



and 

K 





(2,0), 



(0,2). We 







and 



,'T 



(2,0,0,1), m 



IT 



(0,2,-1,0). Here, K' is topologically equivalent to K, 
and m'T K'^m', = 0. Physically, this result implies that 
one can always condense the particles in a Lagrangian 
subgroup on the edge, as long as using additional trivial 
edge states is allowed. 

We conclude that every Lagrangian subgroup M cor- 
responds to a gapped boundary where M is condensed, 
providing a classification, in the absence of any symme- 
tries, of topologically distinct gapped boundaries. 

Classification and characterization of point 
defects— In general, a point defect is a junction where 
multiple different line defects meet. Under the folding 
process, which may be applied multiple times, the point 
defects can always be mapped to domain walls between 
two gapped edges (Fig. [2]). Therefore it is sufficient to 
study the point defect at the domain wall between two 
gapped boundaries. Based on the above classification of 
gapped boundaries, the domain walls are thus classified 
by a pair of Lagrangian subgroups (M, M'), correspond- 
ing to the gapped boundaries on either side of the domain 
wall. 

Consider a point defect labelled by {M,M'). In the 
genon example reviewed above, the simplest topological 
property of the point defect is its nontrivial quantum di- 
mension. This can be understood from the fact that the 
bilayer system (on the sphere) with 2n genons has genus 
n — 1, which leads to a topological ground state degen- 
eracy that grows exponentially in n. For Abelian states, 
the topological degeneracy can be obtained from the al- 
gebra of the Wilson loop operators, which measure the 
topological charge through non-contractible loops. For 
example, a sphere with 4 genons is equivalent to a torus, 
which has two non-contractible loops a, b (see Fig. |3](a)). 
When each layer is a 1/m Laughlin state, the Wilson 
loop operators W(a) and W{b) are defined by creating 
a pair of charge 1/m, —1/m particles and taking one of 
them around the loops a and 6, and then annihilating 
them. W{a) and W(b) satisfy the commutation relation 
W/(a)W(6) = W{b)W(a)e l27T / m , and each leave the sys- 
tem in its ground state subspace, requiring the ground 
state degeneracy to be an integer multiple of m.[5J. 



These Wilson loop operators can be generalized to 
the generic point defects. By folding the bilayer sys- 
tem with genons along a line containing the genons, 
the Wilson loops become Wilson lines of the particles 
(1/m, 0, — 1/m, 0) or (1/m, 0,0, — 1/m), which terminate 
at the boundary since the corresponding particles are 
condensed at the boundary. For general defects, between 
two gapped boundaries A, B with Lagrangian subgroups 
M and M', respectively, the Wilson lines can be defined 
(Fig. 0(b)) by creating a boson m £ M at the A bound- 
ary using a local operator, moving it along a path a con- 
necting two A regions, and finally annihilating it using 
a local operator. We denote such an operator as W m (a) 
and similarly W m >(b) for moving particle m' £ M' be- 
tween two B regions. The commutation relation between 
W m (a) and W m >(b) is determined by the mutual statis- 
tics of particles m and mf, which is nontrivial when M 
and M' are different Lagrangian subgroups: 

W m (a)W m ,(b) = W m ,(b)W m (a)e 2 * imTK ~ lm '. (2) 

Since these operators leave the system in the ground state 
subspace, the ground states must form a representation 
of this algebra. 

The degeneracy D required by one pair of non- 
contractible intersecting lines a, b is the dimension of the 
minimal representation of the algebra @, which can be 
obtained by acting one set of operators, such as {W m (a)}, 
on the eigenstates of the other set {W m '(b)}. On a 
boundary with In defects between n pairs of alternat- 
ing A and B regions, there will be n — 1 pairs of non- 
commuting line operators satisfying the same algebra as 
above, leading to a degeneracy D n_1 . Therefore each 
point defect has a quantum dimension of d = y/D. 

If fermions exist microscopically in the system, there 
may be an additional V2 factor in the quantum dimen- 
sion, originating from the Majorana zero modes of purely 
one-dimensional physics [27J , which is independent of the 
above analysis. 

Localized zero modes -A key feature of the point 
defects is that they localize a non-zero density of states 
at zero energy for a certain subgroup of quasiparticles. 
Such zero modes have been studied for specific types 
of defects [a, [ill, ll2|, and here we show that they ex- 
ist in general point defects. Consider a point defect 
at x = between two boundary regions A at x < 
and B at x > 0, which are labeled by Lagrangian sub- 
groups M and M' . For quasiparticles m £ M, m! £ M', 
the boson creation operators X m (— e) = e " ra J<M- £ ) anc j 
X m '(e) = e jm /<M e ) f or e > create condensed quasi- 
particles in A and B regions correspondingly. Therefore 
the operator X m {— e)X m /(e) preserves the ground state 
manifold. Taking the limit e — ¥ we obtain a local oper- 
ator at the point defect: 



(a) 
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folding 




(b) A 1 B 2 A 3 B 4 (c) a 



a b 




I = m + m' 



7; 



lim X m (-e)X m /(e) 

e— >0+ 



(3) 



FIG. 3: (a) The non-contractible loops in the bilayer system 
with 4 genons. Loop a is in the upper (blue) layer and loop 
b runs from upper layer to the lower (orange) layer across 
the branch-cut lines. After folding, the genons become do- 
main wall between different gapped boundaries, and the non- 
contractible loops become Wilson lines that terminate on the 
boundaries, (b) The general Wilson lines in a system with 
boundary defects and point defects. Lines a (b) defines the 
unitary operator W m (a) (W m >(b)) which correspond to adia- 
batic motion of bosonic quasiparticle m(m') along the paths 
a(b), respectively. 



with I = m + m' . By construction, bilinear combinations 
of 7/ on different defects preserve the ground state man- 
ifold, which means 7; is a zero mode operator. The zero 
mode creation process can be understood as the emission 
of a quasi-particle I which has fractional statistics, as is 
illustrated in Fig. [3] (c) . The zero modes 7; are gener- 
alizations of the parafermion zero modes [28I430J studied 
in previous works [a, Is Illl4l3 1 . 

Effective braiding of point-defects - In the sys- 
tems with genons or more generic twist defects, the 
non-Abelian braid statistics of defects can be defined 
projectively|5j, which enables topologically protected 
transformations on the degenerate ground states. The 
more general boundary defects studied here cannot al- 
ways be braided in real space, since the defects are con- 
fined to the boundary line defects. However, it has been 
proposed[5|, Illl4l3l J3ll |32j that effective braiding oper- 
ations can be achieved by controlling the quasiparticle 
tunneling between point defects. The general defects we 
studied can be coupled by tunneling of the zero mode 
quasiparticles 7; in Eq. ([3]). The tunneling Hamiltonian 
has the form H ab = J2igl til\(x a )l i{xb)+ H.c, where x a 
and Xb are the positions of two equivalent defects, ti are 
tunneling amplitudes, and li{x a ) are the zero mode op- 
erators at the defects. If H a b has a unique ground state 
in the Hilbert space defined by the two defects a, b, one 
can consider an adiabatic deformation of Hamiltonian 
H(X) = H a b(l — X) + Hb c \- When A adiabatically changes 
from to 1, the defect at c is transferred to a. Combining 
such motions of defects, braiding between two defects can 
be realized. However, in order for H a b to have a unique 
ground state in a Hilbert space defined by a, b, we need 
the set L appearing in H a b to consist only of quasiparti- 



cles of the form li = m, + m£, with the highly non-trivial [21] 



requirement that mf K 



~X 



m. 



K 1 m' i , where {mj 



({ TO iD i s a set 0I generators of the Lagrangian subgroup 
M (M'). Otherwise we have not been able to define a 
notion of braiding. A general analysis of such braiding 
statistics for generic defects will be presented in later 
work 
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Proof of Lemma 

Here we prove the following lemma, which was pre- 
sented in the main text: 

Lemma: For each Lagrangian subgroup M of the topo- 
logical state described by K, there exists a K' which is 
topologically equivalent to K and has rank(TV') = 27V', 
such that the same Lagrangian subgroup M of K' can be 
generated by TV' null vectors m^, i = 1, 2, ..., N'. 

To prove this, we will focus on two cases independently. 
In the first case, K has only even entries along the diag- 
onals, which describes topological phases where the mi- 
croscopic degrees of freedom only consist of bosons. In 
the second case, K can have odd entries along the diago- 
nals, which is appropriate when the microscopic degrees 
of freedom have at least one species of fermions. 

We note that our Lemma and proof builds on results 
presented in an early version of Rcf. [23]. As our paper 
was about to appear, we learned that the Lemma and 
proof presented here was independently also found by M. 
Levin and included in an updated version of Ref. [23J . 



Proof for K even 

Let us first consider the case where K is an even ma- 
trix, meaning that its diagonal entries are all even. Note 
that K is also an integer symmetric non-singular matrix 
with vanishing signature. Consider the lattice 



r = {to + KK : m G M, A £ Z 2N } 



(4) 



r is a 27V-dimensional integer lattice, and can be writ- 
ten as r = U1? N , where U is a 27V-dimensional integer 
matrix. Define: 



P = U T K- l U. 



(5) 



P is an even integer symmetric matrix with unit determi- 
nant and non- vanishing signature 23] . The fact that it is 
an even integer matrix follows because the columns of U 
generate the Lagrangian subgroup M, and these all have 
bosonic mutual and self-statistics by definition. The fact 
that it is symmetric and has vanishing signature follows 
from the fact that K is symmetric and has vanishing sig- 
nature. Finally, P has unit determinant for the following 
reason. Consider any integer vector A £ 1? N , and any 
non- integer 27V-component vector, x. By definition of the 
Lagrangian subgroup, A T Px must be non-integer, which 
implies that Px must be non-integer. This then implies 
that if Px is integer for any 27V-component vector x, then 
x must be integer, which in turn implies that P^ 1 is in- 
teger. P and P _1 can both be integer if and only if P 
has unit determinant. 

Since P is an even symmetric integer matrix with van- 
ishing signature and unit determinant, it follows from a 



mathematical theorem [34[ that it is always possible to 
find a SL(2N; Z) transformation W such that 



W T PW 







0/ ' 



(6) 



where I is an N x N identity matrix. Thus, we consider 
a transformed theory: 

U = W T UW 1 



K = W 1 KW, 



P = W 1 PW 



I 

1 



(7) 



Since W £ SL(27V;Z), K and K describe topologically 
equivalent theories. Clearly, the columns of U generate 
the Lagrangian subgroup M. Let Ui denote the ith col- 
umn of U. Let us extend K to a 47V x AN matrix K', 

which is composed of K and TV copies of r. 



along the block diagonal entries: 



1 



K' 



(k 



\ 



(8) 



7 



where the rest of the entries are zero. Again, K' describes 
the same topological order as K. Now we define 

mf = (^,0,1,0,0, •••,0,0) 
^2 T = ("/v+i,-l,0,0,0,---,0,0) 
mf = (u|\ 0,0,0, !,•••, 0,0) 



'IT 



-IT 
'2AT-1 



(n 



r.T 



N+2 ,0, 0,-1,0, 



,0,0) 



(^,0,0,---,0,l) 



'-.T 



^-2W = («2W,0,0, •■• ,-1,0) 



(9) 



Since the additional components added in K' are all triv- 
ial degrees of freedom, the 2N vectors {m£} still generate 
the same Lagrangian subgroup M. It is easy to see that 



m^K'- 1 



III : 



0. 



(10) 



This proves the lemma for K even. In practice, in most 
cases of interest it is easy to find N columns of U that 
generate M and that satisfy u[K~ 1 Uj = 0, so the above 
extension to a 47V dimensional iif-matrix will not be nec- 
essary. 



Proof for K odd 

Let us now consider the case where K is odd (ie it has 
at least one odd element along the diagonal). As before, 



we define the matrix U, and P = XJ T K~~ X U . Now, P 
is an integer symmetric, non-singular matrix with unit 
determinant, non- vanishing signature, and at least one 
odd element along the diagonal. Under these conditions, 
it is always possible to find W € SL(2N; Z) such that 
34 1 



\V T PW= (J ° } 



(11) 



where I is an N x N identity matrix. Thus, we consider 
a transformed theory: 

u = W T UW, 



k = W T KW, 
P = W T PW -- 



I 
-I 



(12) 



Again, the original Lagrangian subgroup is generated by 
the columns of U. 

Let iii denote the ith. column of U, and Ui± = u% ± 
UN+i, for i = 1, • • • ,N. 

Now, as in the case where K is even, let us extend the 
iif-matrix to a AN x AN matrix K', which is composed 

'1 



of K and now with N copies of r z 
block diagonal entries: 

(k 

K' = 

V 



-1 



along the 



(13) 



where the rest of the entries are zero. In the absence of 
any symmetries, K' describes the same topological order 
as K . Now we define 



>/T 



%it 



*jt 



>/T 



(ui + , 1,1, 0,0, •••,0,0) 



(ui_, -1,1, 0,0, •••,0,0) 
(u^, 0,0, 1,1, •••,0,0) 
(«L,0, 0,-1, !,•••, 0,0) 



7 -2AT- 



1 = (^ + ,0,0,---,l,l) 



l 2N 



(u 



r.T 



^,0,0, •■■,-1,1) 



(14) 



Since the additional components added to K' are all triv- 
ial degrees of freedom, the 2JV vectors {m^} still generate 
the same Lagrangian subgroup M. It is easy to see that 



m'^K'-^n'j = 0. 



This proves the lemma for K odd. 



(15) 



